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Abstract

An m3-orientation or, equivalently, a 3-flow is an assigment of directions and unit weights to the edges of an undirected
graph, such that each vertex of G has a net outflow equal to zero modulo 3. This work deals with essentially 4-edge-
connected graphs having four vertices of degree three and the remaining vertices of even degree. We characterize the

graphs in this class which admit an m3-orientation.
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Introduction

A graph G is an ordered triple (V(G), E(G), Is), consisting
of a nonempty set of vertices V(G), a set of edges E(G)
disjoint from V(G), and an incidence function /s that
associates each element of E(G) with a pair of vertices,
not necessarily distinct.

An integer flow for G is an ordered pair (D, f), such that D
is an orientation of the edges of G (flows) and f: E(G) —
Z* is an assigment of weights to the edges of G, such
that the net outflow on each vertex is zero. A k-flow is an
integer flow for whichf : E(G) — {1, 2, ..., (k-1)}. A
modular k-flow (mod k-flow) is a k-flow for which the net
outflow on each vertex is zero modulo k. A graph admits
a k-flow if and only if it admits a mod k-flow. An m3-
orientation is a mod 3-flow for which all the weights are
equal to one. A mod 3-flow can be converted to an m3-
orientation by reversing the orientation of weight-two
edges and changing their weights to one.

For a proper subset X of V(G), an edge cut V(X) is the
set of edges with one end in X and the other in V(G)\X. If
IX] =1 or [V(G)\X] =1, V(X) is a trivial cut. A graph G is
said to be k-edge-connectea if |V(X)| = k for each subset
X of G. Moreover, such a graph G is essentially (k+1)-
edge-connected if all of its edge cuts with cardinality k
are trivial.

W. T. Tutte introduced the theory of Integer Flows® in
1954 and posed two conjectures, known as the 4- and 5-
Flow Conjectures. Later, he posed the 3-Flow
Conjecture?, which states that every 4-edge-connected
graph admits a 3-flow. This is the subject of this work.

Results and Discussion

Let G be a graph having four vertices of degree three, us,
Us, Us, Us, and the remaining of even degree. Let V(X) be
an edge cut of G such that: |V(X)| = 4; {u1, Ua, Us, Us} is a
subset of X; and, for every vertex v of X, d(v) < 4. If G[{us,
Us, Us, Ug}] is isomorphic to K3, then we say that G has a
forbidden configuration.

Theorem 1. Let G be an essentially 4-edge-connected
graph, not isomorphic to K,, having four vertices of
degree three and the remaining vertices of even degree.
Then, G has an m3-orientation if and only if it does not
have a forbidden configuration.

The proof of the theorem is based on finding six edge-
disjoint paths connecting one pair of vertices of degree
three to the other pair, and orienting their edges from one
pair to the other. Then, the removal of these paths leaves
an eulerian graph, that is known to have an m3-
orientation. The union of these two orientations is an m3-
orientation for the original graph.

Conclusions

One possible next step for us to pursue would be to
consider a graph G with four vertices of degree three, two
vertices of degree five, and all the remaining vertices of
even degree. This would lead to a theory where the
removal of paths connecting vertices of degree three
does not necessarily produce an eulerian graph as a
result but, potentially, a graph with new vertices of degree
three. This could, perhaps, be part of a general theory for
solving the 3-Flow Conjecture.
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